We consider the gravitino spectrum for the general warped solution in a specific six-dimensional gauged supergravity. We find that although the brane tensions introduced at the conical singularities break the bulk supersymmetry explicitly, massless modes of the gravitino can exist with a nontrivial wave function profile, due to a nonzero U (1) R gauge flux. We also compute the wave function and the mass spectrum of Kaluza-Klein massive modes of the gravitino explicitly. We show that the introduction of a gravitino mass term on a regularized brane can give a suppressed effective gravitino mass compared to the compactification scale, due to the delocalization of the wave function of the zero-mode gravitino.
Introduction
There has been a lot of interest in brane world models in higher dimensions with the hope to solve the particle physics problems and give a hint for physics beyond the Standard Model (SM) in a different context. Particularly, in order to ameliorate the hierarchy problem of the Higgs mass, models with extra dimensions compactified on a large flat [1] or small warped [2] space were suggested as an alternative to the weak-scale supersymmetry (SUSY). Furthermore, regarding the cosmological constant problem which has been one of the most notorious problems as dictated by a no-go theorem [3] , the self-tuning mechanism in higher dimensions [4] was suggested. This may give a better understanding of the cosmological constant problem, although one has only the SM quantum corrections confined on a brane under control. In particular, brane world models in six dimensions have drawn much attention because the brane tension generates a nonzero deficit angle in extra dimensions without curving the 4D spacetime [5] . This feature has been first pursued in the framework of spontaneous compactification due to gauge fluxes in 6D Einstein-Maxwell theory [6] , but ended up with a fine-tuning condition for the brane tension due to flux quantization or conservation [7] . Furthermore, we still need some symmetry to ensure that a bulk tuning condition is stable against the quantum corrections.
The Salam-Sezgin (SS) supergravity [8] has drawn a renewed interest due to the possibility of attacking both brane and bulk fine-tuning problems encountered in the nonsupersymmetric models. In this model, Salam and Sezgin obtained a spontaneous compactification on a sphere with U(1) R flux to get the 4D Minkowski spacetime and showed that 4D N = 1 SUSY survives or there is a massless chiral gravitino in four dimensions. The most general warped non-singular (no worse than conical) solutions with 4D maximal symmetry have been recently found to be a warped product of the 4D Minkowski space and a two dimensional compact manifold (the "football-shaped" space [9] , the general warped solution with axial symmetry [10] or the general warped solution without axial symmetry [11] ). Nonetheless, there is still a fine-tuning between brane tensions due to the flux quantization. It has been shown, on the other hand, that there are warped singular solutions with 4D curved spacetime [12] . The stability analysis of the warped background has been done for scalar perturbations [13] and bulk gauge fields and fermions [14] .
The warping requires the existence of conical singularities on which codimension-two branes are located, so N = 1 SUSY is broken explicitly by nonzero brane tensions 3 . Nevertheless, it has been suggested that the SUSY breakdown at the branes might be suppressed not to give a large quantum correction in the bulk [16] . The Casimir effect has been discussed for flux compactifications in non-SUSY and SUSY models [17] . We will, thus, discuss the model at the classical level, not taking into account the transmission of the SUSY breaking from the brane sources to the bulk. In this paper, we study the gravitino equation for the general warped solution in an anomaly free model with the gauge group E 6 × E 7 × U(1) R in six-dimensional gauged supergravity [18] 4 . The difference from the SS model is that on top of the U(1) R flux, we can also turn on the abelian flux of the non-abelian gauge fields, for instance, E 6 , but the form of the general warped solution is maintained. In this case, both SUSY and the GUT group can be broken upon the compactification so the model could provide an alternative to orbifold models. It has been shown that E 6 is broken down to SO(10) and the adjoint fermions of E 6 survive as two chiral 16's of SO(10) [18] . By solving the gravitino equation, we find that there exist massless modes of the gravitino for a nonzero U(1) R flux, even with nonzero brane tensions and/or abelian flux of E 6 . We show that the wave function of the massless modes of the gravitino have a nontrivial profile in the extra dimensions. Moreover, we also obtain the wave function and the mass spectrum for the massive modes of the gravitino. Although we can show from the bulk SUSY transformation that SUSY is broken for the warped solution, the appearance of massless modes of the gravitino tells us that the gravitino mass must be determined by interaction terms beyond the bulk action and the brane tensions.
However, we cannot consider brane matter terms on the codimension-2 branes without introducing singularities [20] . It is imperative that the brane is regularized by either acquiring some thickness [21] , or by the reduction of its codimension [22, 23] . Considering the latter method (codimension reduction) and a brane-induced gravitino mass term on the regularized brane, we found that the gravitino mass can be suppressed compared to the compactification scale due to the delocalization of the zero-mode gravitino.
The paper is organized as follows. We first review the warped solution in 6D gauged supergravity. Then, we consider the SUSY transformation and the gravitino action in the warped background. Further, we present the wave functions of the massless modes of the gravitino and the mass spectrum of KK massive modes of the gravitino. Next, we introduce brane-induced gravitino mass terms and estimate the effective gravitino mass related to the value of the wave function of the zero-mode gravitino on the brane. Finally, the conclusions are drawn.
The model
We consider an anomaly-free model [18] in 6D gauged supergravity where the bulk gauge group is E 6 × E 7 × U(1) R with gauge couplings g 6 , g 7 and g 1 . By setting the Kalb-Ramond field and the hyperscalars to zero, the bosonic part of the bulk action 5 is given by
When all non-abelian gauge fields vanish, the above action becomes the one of the SalamSezgin model [8] . The case with only the U(1) ⊂ E 6 being nonzero was considered for a GUT breaking in [18] . In the present paper, we take the more general case where both 5 For comparison with the Salam-Sezgin [8] notation, we note that g SS = 2g 1 , A
, and L SS = L/4. We set the 6D fundamental scale to κ = 1. U(1) R and U(1) are nonzero. In this case, it has been known that supersymmetry is broken completely and E 6 is reduced to SO(10) [18] .
Assuming axial symmetry in the internal space, the general warped solution with U(1) R , U(1) fluxes can be found to give rise to four-dimensional Minkowski vacua (i.e., with zero effective cosmological constant) with the following form [10] 
with
where q is a constant denoting the magnetic flux, T 0 is the U(1) generator of E 6 and the two radii are given by
The angle α denotes the distribution of the fluxes in the U(1) R and the U(1) directions. From eq. (3), we get the nonzero component of gauge fields in the patch including r = 0 as
where we have taken into account the quantization conditions of the gauge fluxes
In this general solution, the metric has two conical singularities, one at r = 0 and the other at r = ∞, with deficit angles δ s (supported by brane tensions V s = 2δ s ) given by
These brane terms, as it will be discussed later, are explicitly non-supersymmetric. Let us note also, that the gauge field Bianchi identities are satisfied as long as there is no coupling of the brane to the bulk gauge field [9] . For r 0 = r 1 , i.e. q = 4g 1 , we get the unwarped solution with football shaped extra dimensions. In this case, we get λ 2 = n and if both n 1 and n 6 are nonzero, the angle deficit has to be negative (and so has to be the brane tension). If additionally λ = 1, the unwarped solution is possible with no branes present. The latter happens only for the following two cases: (n 1 , n 6 ) = (1, 0) or (n 1 , n 6 ) = (0, g 6 /g 1 ). So, in this case, only either of U(1) fluxes can be nonzero. Finally, by defining dρ = Rdr, a = λRΘ,
the metric can be expressed in a Gaussian normal coordinate system as
3 Explicit supersymmetry breaking and gravitino dynamics in the warped background
In this section we will discuss the gravitino spectrum in the general warped background and the existence of gravitino zero modes even in some cases where supersymmetry is broken by the presence of the brane tension terms. In order to do this analysis, we need the spinor part of the action and in particular the part that is quadratic in fermionic terms. This is given by [18] 
where the covariant derivative for any fermion ψ is defined as
The above spinors are chiral with handednesses
Taking into account that Γ 7 = σ 3 ⊗ 1 (see Appendix A), the 6D (8-component) spinors can be decomposed to 6D Weyl (4-component) spinors as
Supersymmetry transformations
Before presenting the gravitino spectrum, let us discuss the supersymmetry of the vacua in question. For the general background with fluxes, the nontrivial bulk supersymmetry transformations of fermions are the ones for dilatino χ, gravitino ψ M , U(1) R gaugino λ 1 and E 6 gauginos λ a 6 [18] :
where the spinor parameter ε is chiral, with Γ 7 ε = +ε, so that ε = (ε, 0) T . Using the solution that we presented in the previous section, the above transformations give
In particular, for the sphere solution with only U(1) R flux turned on, i.e. the SalamSezgin vacuum with λ = 1, (n 1 , n 6 ) = (1, 0), q = 4g 1 , half of the supersymmetries are preserved [8] . In this case, the SUSY conditions for constant spinors are
Thus, it is obvious from the above that there exists a constant 4D Killing Weyl spinorε L , withε = (ε L , 0) T , which preserves 4D N = 1 supersymmetry. In this case, it was shown that there exists a chiral massless mode of gravitino [8] due to the cancellation between spin and U(1) R connections.
On the other hand, the above SUSY transformations show that SUSY can be spontaneously broken by a nonzero flux along the E 6 even without conical singularities, i.e. T I F I mn = 0. This is partially because there is no potential term in the variation to cancel the gauge field related part in (20) . The fermion SUSY transformations for constant ε then read
Upon introducing conical singularities to the Salam-Sezgin solution, by deforming the space with non-SUSY brane tensions [10] , it can be seen from (22)- (27) that the SUSY is broken completely in the bulk due to the absence of a globally well-defined Killing spinor for the conical geometries [24] . As will be seen in the next sections, however, the explicit SUSY breakdown does not mean necessarily the absence of a massless mode of the gravitino.
The "4D gravitino" equation of motion
For the background solution of the previous section, we can rearrange the fermionic part of the action (14) as
where L mix contains the mixing terms between spin-
components. The linear combination of the spin-
plays the role of the would-be Goldstone fermion and mixes with the "4D gravitino" 7 ψ µ . Even if supersymmetry is broken explicitly by brane sources, we can get rid of the mixing terms with the spin- fermions by the redefinition of the 4D gravitino. Therefore, in order to get the mass spectrum of the "4D gravitino", we only have to consider the second line of the action (35)
where
and Γ µnλ = −Γ µλ Γ n . From this action, we derive easily the equation of motion for the "4D gravitino" as
Using the vielbein and the spin connection obtained in the Appendix A, we can rewrite the gravitino equation as
Using the chirality condition σ 3 ⊗ 1ψ µ = ψ µ and γ αβγ γ β = −2γ αγ , we can simplify the above equation as
After imposing the gauge fixing conditions, Γ µ ψ µ = 0 and ∂ µ ψ µ = 0, as well as using the identity
Finally, decomposing the 6D Weyl spinorψ µ to left and right components asψ µ = (ψ µL ,ψ µR )
T , we obtain the final form of the gravitino equation as
4 Solutions to the gravitino equation
We will now solve the above equations of motion by dimensionally reducing to 4D mass eigenstates. Therefore, we make a Fourier expansion of the "4D gravitino" as
Then, plugging the above Fourier expansions into eqs. (44) and (45), we get the equations for the wave functions of the gravitino
The KK massive modes of gravitino are satisfyinḡ
with M m the KK mass of each 4D Dirac gravitinoψ
Then, the equations for the gravitino wave functions become
The normalizability condition for the gravitino is
Furthermore, there is a hermiticity condition for the gravitino, which, in analogy with [14] , is given by
In terms of the above mode decomposition, this gives
8 Compare to the spin- 
Massless modes
For massless modes, we setσ β ∂ βψ (49) . Then, the equations of left-handed and right-handed gravitinos are decoupled as
We can find the explicit solution of the above equations as
where N m is the normalization constant. In the above, we have used that
The solution for the right-handed gravitino is given by the one for the left-handed gravitino (58) with (m, n 1 ) being replaced by (−m, −n 1 ). From the normalization condition (53), we determine the normalization constant of the general solution (58) as
In order to have finite norm, we require the following inequalities for the existence of left-handed zero mode
or in terms of our original parameters
For the right-handed zero mode, the normalizability conditions are
Let us first discuss about the simple cases with constant warp factor. In the sphere case with U(1) (64) and (65), we obtain only one massless mode (for m = 0) from the left-handed gravitino as
On the other hand, in the sphere case with E 6 flux only, i.e. A 1θ = 0, we take r 0 = r 1 , λ = 1 and n 1 = 0. Thus, from eqs. (64) and (65), we can see that there is no normalizable massless mode for any m. This shows that supersymmetry is completely broken. Now let us look at the effects of a nonzero deficit angle and/or a warp factor. In this case, it is possible to have both U(1) R and E 6 fluxes non-vanishing. In the unwarped case with λ = 1 and r 0 = r 1 , the wave functions of massless modes are
Since λ = n . Thus, although supersymmetry is broken by the E 6 flux and also explicitly by the brane sources, there exist massless modes of the gravitino. For example, in the case of n 6 = 0, n 1 = λ, q = 4g 1 , there exist normalizable modes for the left-handed gravitino and the nontrivial SUSY variation (27) becomes
Thus, δψ θL = 0 would requireε L ∝ e (n 1 −1)θ . For even n 1 , the Killing spinor is not singlevalued so there is no remaining SUSY in this case. On the other hand, for odd n 1 , there is an N = 1 SUSY left in the bulk even if SUSY is broken explicitly by the deficit angle at the brane.
Furthermore, in the case with the non-constant warp factor, we also find, from the r 64), that the massless modes are still maintained. Therefore, as far as U(1) R flux is nonzero, the massless mode of gravitino obtained in the Salam-Sezgin solution remains even with a nonzero deficit angle or a warp factor. This property of the appearance of massless modes when U(1) R is present, holds also for for bulk spin- fermions which are charged under the U(1) R . Then it has been shown in [14, 18] that massless modes of these fermions persist after flux compactification. For the non-constant warp factor, however, there is no remaining SUSY in the bulk at all as shown from the SUSY transformations in Section 3.1.
Massive modes
Returning to the massive modes, we can substitute ϕ (m+1) R from (52) to (51) and obtain a single second order differential equation for ϕ
supplemented by eq. (52) which acts like a constraint equation. From the latter equation, the hermiticity condition (55) becomes
Before tackling the most general case, let us present the solutions for the massive modes in the two simple cases of the supersymmetric (SS vacuum) and the non-supersymmetric (with E 6 flux) solutions. In both cases the internal space is a sphere and there is no warping.
Massive modes for the Salam-Sezgin solution
First, for the sphere case with a U(1) R flux only, g 1 A 1θ = 1 2 ω so the equation for massive modes becomes
where a = 
This is nothing but the Legendre's associated differential equation. So, we can find that the KK mass spectrum is the one for the spherical harmonics 
with degeneracies |m| ≤ n. The wave functions of massive modes are given by
Massive modes for the non-supersymmetric sphere solution
In the sphere case with E 6 flux only, A 1θ = 0, so the equation for massive modes is
where a = ). Then, with the field redefinitioñ
the above equation becomes
where r
Next, making a change of variables and doing another field redefinition [14] as
we obtain the final form of the massive modes equation as
In order to express the parameters a, b, c in terms of the the integer m, we should solve the quadratic equations (83) with the definitions (80). There are two solutions for β and γ, but there is no physical difference between the various choices of the solutions. Thus, from now on we make the choice
From the boundary conditions for the gravitino given in the Appendix B, we can now obtain the quantized KK masses of the gravitino. For γ ≥ 1 4 and β < 1 4 , we need c−a = −n or c − b = −n with n = 0, 1, 2, · · ·. Both cases yield the spectrum
Moreover, for γ < , we need 1 + a−c = −n or 1 + b−c = −n for n = 0, 1, 2, · · ·. Then, for both cases we obtain the KK spectrum as
On the other hand, the other ranges of γ and β, as they are chosen in (88), are not possible. With the introduction of the new quantum number n, it is obvious that the wavefunctions should be labeled asφ (m,n) and the 4D modes accordinglyψ (m,n) . Consequently, from eqs. 
Massive modes for the general warped solution
In the general warped case, we can rewrite eq. (70) in an expanded form as
Let us make now the field redefinitionφ
and the radial coordinate redefinition dρ = W du. The above equation can then be cast in the following Schrödinger form
with the potential given by
Substituting the background solutions in the above equation we find that
Then, making similar redefinitions as in the non-supersymmetric sphere solution,
the parameters in the hypergeometric equation (84) are defined as
From eqs. (98), (99) and (105), we can solve for β and γ. Without loss of generality, we make the following choice of roots
Furthermore, unlike the non-supersymmetric sphere solution, the following quantity is non-vanishing:
Using the boundary conditions at z = 0 and z = 1 as described in the Appendix B, we find the KK spectrum depending on the parameters β and γ: For γ ≥ 1 4 and β < 1 4 ,
For γ ≥ ,
In all the above case, we take n = 0, 1, 2, · · ·. We note that even with a nonzero ξ m , the KK mass squared is always positive. Finally, it is understood that with the introduction of the quantum number n, the wavefunctions are labeled asφ (m,n) and the 4D modes accordinglỹ ψ (m,n) .
The brane-induced gravitino mass term
In the previous section, we have seen that even when SUSY is broken explicitly by the presence of brane tensions, there remains at least one massless mode of the gravitino in the case with U(1) R flux. One way to generate mass for this lowest gravitino mode, is to include a brane-induced gravitino mass term.
It has been known that a brane mass term for a bulk field on a codimension-two brane gives rise to the divergence of the propagator of the bulk field even at tree level [25] (see also [26] for a torus orbifold case). This classical divergence has to do with the assumption of an infinitely thin brane. This should have been expected, since it is known that it is not possible to accommodate normal matter (other than the brane tension) on a codimensiontwo brane in Einstein gravity [20] . Therefore, it is imperative to regularize the brane by introducing some thickness [21] .
In this section, we compute the mass generation for the gravitino zero mode, when the brane is regularized according with the approach suggested in [22] . In this regularization, the conical singularity is cut out and replaced by a spherical cap and a ring-like brane is situated at the boundary of the spherical cap. Thus, the regularized brane has four spatial dimensions one of which is compactified on a circle. This procedure has been extended to the warped solution of 6D Salam-Sezgin supergravity in [23] .
Let us now discuss the effect of a brane-induced gravitino mass term. If the ring is located at ρ = δ (instead of the codimension-two brane original position ρ = 0), then the induced metric on the ring brane is
withμ,ν = 0, 1, 2, 3, 5. The left-handed gravitino always has a massless mode for a nonzero monopole number of the U(1) R and in general more than one, labeled by the winding number m. Let us consider a Majorana mass term for the left-handed gravitino only on the regularized brane as
where λ 0 is a dimensionless parameter and ξμ is the 5D Majorana gravitino that is composed of the bulk left-handed gravitinoψμ
µL , we can rewrite the gravitino mass term in terms of the 4D Weyl spinors χ (m) µL as
where the ellipsis contains the mixing between χ θL which can be absorbed by the 4D gravitino as in the bulk Lagrangian.
Ignoring the mixing between KK modes, we focus on the mass term for the massless mode. We plug the wave function of the massless mode of the left-handed gravitino (58) into eq. (114) and integrate the angle on the ring brane. Then, we can see that only the massless mode with a zero winding number gets a nonzero mass. If in the r coordinate the location of the ring brane corresponding to ρ = δ is r = 1/∆ 0 , we obtain the 4D effective gravitino mass as
For r 0 ∆ 0 ≫ 1, the gravitino mass becomes
Since s = 1 λ > 0 for m = 0, compatible with normalizability condition s > −1, the gravitino mass is suppressed by the delocalization of the zero mode at the regularized brane at r = 1/∆ 0 , compared to the compactification scale 1/r 0 .
Similarly, for the gravitino mass term with λ ∞ at the ring brane located at r = r 2 0 ∆ ∞ , we obtain the 4D effective gravitino mass as
Thus, for r 0 ∆ ∞ ≫ 1, the gravitino mass becomes
If we take s − 2t + 2 = , compatible with the normalizability condition s − 2t < −1, we can also get a suppression of the gravitino mass due to the delocalization of the zero mode at the regularized brane at r = r 2 0 ∆ ∞ . Therefore, for the zero-mode gravitino with the zero winding number, we find that gravitino mass terms localized at both regularized branes give rise to a suppressed effective gravitino mass.
For both of the above cases, if we consider the zero thickness limit of ∆ 0,∞ → ∞, the effective gravitino mass vanishes. Therefore, we see that the nonzero gravitino mass crucially depends on the regularization of the brane. In other words, a nonzero gravitino mass depends on the mechanism to stabilize the brane thickness.
Finally, let us comment on the possibility of giving a mass to the massless mode of the gravitino by some bulk operator. A plausible case would be from the quartic fermion terms provided in [27] , if gaugino condensation is realized. For instance, since E 7 gauginos are charged under U(1) R , they will have massless modes at the compactification scale which can serve for condensation and subsequent gravitino mass generation in the 4D effective theory. Then, one should be careful with the possible backreaction to the background solution of the additional terms (see [28] ) in the scalar potential that will arise after condensation, although as noted in [27] this will be absent for constant dilaton and gravitino wavefunctions.
Conclusions
In the present paper, we discussed the spectrum of the gravitino of the six-dimensional gauged supergravity model with gauge group E 7 ×E 6 ×U(1) R , where a gauge flux is turned on in the U(1) ⊂ E 6 and the U(1) R directions. We studied in detail the spectrum in the general warped background where codimension-two branes were supporting the necessary conical singularities.
An interesting result of the paper is that there exist zero modes in the gravitino spectrum even in the case where supersymmetry is explicitly broken by the presence of the non-supersymmetric branes. This seems to be a special property whenever magnetic flux lies in the U(1) R direction. In order to give mass to these massless modes, the explicit supersymmetry breaking by the brane tensions is not enough, and further bulk or brane operators should be considered.
We have considered for simplicity, a brane operator for the gravitino, namely a brane Majorana mass. Regularizing the brane as in [22, 23] , we have calculated the mass that is generated for the zero mode of the gravitino. The resulting effective gravitino mass depends on the localization of the wavefunction of the zero mode and when the winding number is zero, the gravitino mass can be parametrically smaller than the compactification scale. This suppression, however, is power-like and if the compactification scale is of the order of the GUT breaking scale, we would need a mechanism to explain the smallness λ 0 and thus of the SUSY breaking scale.
The above property for the massless gravitino and its mass suppression with extra operators, should also hold for the other fermionic states of the spectrum which we did not consider in the present paper. In particular the gauginos which correspond to the directions of isometry of the internal space should have the same feature. This procedure offers an alternative way to obtain light (in comparison with the scale of compactification) fermions in models with extra dimensions.
A-1. Gamma matrices
We take the gamma matrices in the locally flat coordinates [8] , satisfying {Γ A , Γ B } = 2η AB , to be
where γ's are the 4D gamma matrices with γ 
The curved gamma matrices on the other hand are given in terms of the ones in the locally flat coordinates as
A is the 6D vielbein. In addition, the 6D chirality operator is given by
The convention for 4D gamma matrices is that
with σ α = (1, σ i ) andσ α = (−1, σ i ). The chirality projection operators are defined as P L = (1 + γ 5 )/2 and P R = (1 − γ 5 )/2. Finally, some useful quantities which we use in the text are the following
A-2. Spin connection
For the general warped solution written in the Gaussian normal coordinate . On the other hand, the hermiticity condition gives, c 1 = 0 for γ < 1 4 while c 2 = 0 for γ > . We can also show that c 2 = 0 for c = 1 or γ = , where c 2 = 0, the wave function at z → 1 behaves as
Similarly, the normalizability condition gives, C 1 = 0 for β ≤ − 1 4 while C 2 = 0 for β ≥ . On the other hand, the hermiticity condition gives, C 1 = 0 for β < 1 4 while C 2 = 0 for β ≥ . Therefore, for γ ≥ 
